In this paper, we propose and develop an optimal nonconforming finite element method for the Stokes equations approximated by the Crouzix-Raviart element for velocity and the continuous linear element for pressure. Previous result in using the stabilization method for this finite element pair is improved and then proven to be stable. Then, optimal order error estimate is obtained and numerical results show the accuracy and robustness of the method.
Introduction
Nowadays, finite element methods have become an important and powerful tool in many scientific and technological fields. In particular, stable mixed finite element methods are a fundamental component in search for efficient numerical methods for solving the Stokes and Navier-Stokes equations governing incompressible flows [2, 3, 10, 5, 13] . For the incompressible flows, more researches have been directed toward the compatibility of the component approximations of velocity and pressure by satisfying the inf-sup condition in the past decades, i.e., the stability condition. Some popular finite element pairs have been constructed for the incompressible Stokes and Navier-Stokes flows. However, the search for simpler and more efficient pairs for velocity and pressure approximations is still attractive and valuable.
Recently, a class of local stabilized mixed finite element methods have been developed and analyzed for the Stokes and Navier-Stokes equations approximated by the lower order finite element pairs. One of 2 them uses the pressure projection method to stabilize the lower equal-order finite elements (i.e., P 1 − P 1 or Q 1 − Q 1 ). In practice, this method can also efficiently stabilize the equal-order conforming finite element pairs P r − P r , r = 1, 2 for the Stokes equations [14, 16] and Darcy equations [7] . Also, it can be easily promoted for solving the problems in elasticity, coupling free fluid and porous media system, fluid-fluid interaction in different media, etc. In [15] , a stabilized finite element method is established for the Stokes equations approximated by the Crouzix-Raviart element for velocity and the continuous linear element for pressure (i.e., NCP 1 − P 1 ).
Compared with conforming finite element methods, nonconforming finite element methods for incompressible flows are more popular due to their simplicity and small support sets of basis functions. Furthermore, they seem much easier to fulfill the discrete inf-sup condition and can easily relax the high-order continuity requirement for conforming finite elements. Therefore, in practice, the nonconforming finite element methods seem superior to the conforming finite element methods. Based on the above heuristics and some existing result [11] , we try to optimize the previous method [15] and furthermore establish the weak coercivity, well posedness and optimal estimates of the corresponding system.
As an example, this paper concentrates on a nonconforming finite element method for the Stokes equations, which uses the nonconforming and conforming piecewise linear polynomial approximations for velocity and pressure, respectively. This method is here defined in such a way that it can be easily generalized to the corresponding nonlinear problem. The present pair is different from the Crouzeix-Raviart pair [12] , the P 2 − P 0 pair [10] , the MINI-element P 1 b − P 1 pair [9] , the Taylor-Hood P 2 − P 1 pair [8] , and the conforming P 1 − P 1 pair and nonconforming NP 1 − P 1 pair with stabilization based on local Gauss integrations [16, 15] . Also, a better approximation for the pressure is obtained with the continuous piecewise linear element. In this paper, it is shown to be stable and optimal match using the nonconforming and conforming piecewise linear polynomial approximations for velocity and pressure without any stabilization treatment. It seems more computationally efficient without a loss of accuracy.
The rest of the paper is organized as follows: In the next section, an abstract functional setting for the stationary Stokes problem is described, along with some useful statements. Then, in the third section, the weak formulation, stability and well-posedness are established. Error estimates of optimal order for the method are derived in section 4. Finally, numerical experiments are given to show superiority of the present method for the Stokes equations. where u = (u 1 , u 2 , u d ) represents the velocity vector, p the pressure, f the prescribed body force, and ν > 0 the viscosity. For convenience, set Then, the weak formulation of (1)- (3) is to seek (u, p) ∈ X × M such that
Preliminaries
where
Clearly, the bilinear forms a(·, ·) and d(·, ·) are continuous on X × X and X × M, respectively. Also, the bilinear form d(·, ·) satisfies the inf-sup condition [10, 13] 
where β is a positive constant depending only on Ω.
The well-posedness of the model problem (1)- (3) follows from the results of the saddle-point problem. Assume that the domain Ω is so regular that ensures a H 2 -regularity for the solution of (4), namely, the problem (1)-(3) has a unique solution (u, p) ∈ D(A) × H 1 (Ω) satisfying the following a priori estimate
where C is a constant depending on Ω. Subsequently, the constant C > 0 (with or without a subscript) will depend only on the data (ν, Ω, f ).
3 The nonconforming finite element
Let T h be a regular triangulation of Ω into elements {K j }:Ω = ∪K j . Denote a boundary segment and an interior boundary by
The centers of γ j and γ jk are indicated by ξ j and ξ jk , respectively. The finite element spaces are the following nonconforming and conforming finite elements for velocity and pressure:
We will also use the piecewise constant spaces
Note that the nonconforming finite element space NCP 1 is not a subspace of X any more. Define the energy norm
The two finite element spaces NCP 1 and P 1 satisfy the approximation property:
there are two approximations v I ∈ NCP 1 and q I ∈ P 1 such that
Note that the following compatibility conditions hold for all j and k:
and
where [v] = v| γ jk − v| γ k j denotes the jump of the function v across γ jk . These conditions also hold for the rotated Q 1 space with the mean integral values as the degrees of freedom.
The weak formulation
Then the discrete bilinear forms are given as follows:
Below we mention a few pairs of mixed finite element spaces for the Stokes equations. Earlier, the lowest-order Crouzeix-Raviart element using a nonconforming piecewise linear velocity and a piecewise 5 constant pressure was constructed [12] , which was extended to a nonconforming piecewise bilinear velocity and a piecewise constant pressure in [4] . Recently, we proposed the pressure projection method of noncomforming finite element method for the Stokes equations approximated by the Crouzeix-Raviart element and piecewise linear element for velocity and pressure, respectively.
In general, the number of degrees of freedom for velocity should be larger than that for pressure. The NCP 1 − P 0 pair is shown to be stable. Is optimal mixed finite element space for the possible choice NCP 1 − P 1 stable? It is still under develop.
As noted, we can not recognize the stable of the finite element pair until [11] have given us a hint related to the choice NCP 1 − P 1 . Obviously, the bilinear form a h (·, ·) and d h (·, ·) are continuous and coercive with respect to broken-norm:
For completeness, we will prove the inf-sup property which is important for the incompressible flow. Finally, the discrete weak formulation of the Stokes equations (2.
is the bilinear form on (NCP 1 , P 1 ) × (NCP 1 , P 1 ). In the next two sections, we will study (19) in terms of stability, and existence and uniqueness.
Stability
In this section, we will study the stability of the nonconforming finite element method (19) for the Stokes equations. The main result of this subsection is the existence and uniqueness of the nonconforming finite element solution. The proof of this theorem is based on the inf-sup property that is proven in the following lemma by adapting to a classical argument [11] . For completeness, we provide a detailed proof as follows. Theorem 3.1. There exists a strictly positive constant β > 0 independent of h such that for every q h ∈ P 1 , there exists a vector v h ∈ NCP 1 such that
Proof. First, we set a auxiliary space
q i χ i } where χ i is a characteristic function of the support S i of the standard linear basis function φ i ∈ P 1 associated with the vertex x i , i = 1, 2, · · · N and
The relevant finite element space is also defined as follows
Furthermore, we define an interpolation operator
q i φ i ∈ P 1 . Then, setting div h the divergence operator on each element, we observe that
On the other hand, letting P i be the barycentre of the element K,
which together with (14) yields
Then, noting that the lower order Crouzeix-Raviart element is stable, namely,
where β 1 > 0 only depends on Ω, we can obtain that
where β = β 1 d+1 . # Furthermore, we can obtain the following result. 
and the coercive property
where β > 0 only depends on Ω.
Proof. Using the continuous property of the bilinear forms a h (·, ·) and d h (·, ·), we can easily obtain the continuous property of B h ((·, ·); (·, ·)).
As for the weakly coercivity of B h ((·, ·); (·, ·)), there exists a positive constant C 0 and w ∈ X for all
Setting the finite element approximation w h ∈ X h of w, we have
First, taking
> α yet to be determined in the
Using a triangle inequality to obtain
Setting β * = C 2 C −1
and choosing
8 which together with (25) yields the following
The well-posedness
Based on previous results, we can derive the existence and uniqueness of the nonconforming element solution for the Stokes equations. Theorem 5.2. Under the assumptions of Theorem 3.2, the problem (19) admits a unique solution.
Estimate in energy norm
In this section, we will derive optimal order error bounds for the Stokes equations. The non-conformity error is controlled as in the following theorem, which is similar to Strange's lemma in nonconforming finite element version for the second order elliptic problem [6] . The proof of this lemma requires a bound on the nonconforming error. For completeness, this bound is provided as follows. Lemma 4.1.(Stranger's lemma for the Stokes equations) There exists a constant C > 0 depending only on the coercivity and the continuity constants such that
Proof. By the definition of a(·, ·) and d(·, ·), it follows that
Recalling thatw h = 1 |s| s w h ds defined above satisfying
9 and noting that a constant and each interior edge appears twice in the sum of formulation, we can obtain that
Recalling the definition of
we can obtain
Thus, we can achieve the desired result. Theorem 4.2. Under the assumption of Theorems 3.1-3.2, we can obtain that
Proof. First, multiplying (1) by v h ∈ X h , integrating over Ω and applying the Green formula we have
Using the same approach as for lemma 4.1 and setting (e h , η h ) = (u I − u h , p I − p h ), we find that
Then, we have
Thus, using a triangle inequality and (7) to obtain (45). #
ESTIMATE IN
The velocity in L 2 -norm for the nonconforming element method is here analyzed in the same way as it is done for the classical nonconforming methods. Firstly, we consider the dual problem:
Because of the convexity of the domain Ω, this problem has a unique solution that satisfies the regularity property
Theorem 5.1. Under the assumption of Theorems 4.2, we can obtain that
Proof. Multiplying (41) and (42) by e = u − u h and η = p − p h , respectively, integrating over Ω, to obtain that
Simplified to gives the following
The difference of (1) and (19) tested against v h = Φ I , implies that
Thus,
Here,
Using the same approach as Lemma 4.1, yields
Combining (47) with (48)- (50), and using (44) and a triangle inequality, yields (46)
Numerical analysis
This section concentrates on the performance of the nonconforming finite element method approximated by the Crouzeix-Raviart element and continuous linear element for the incompressible Stokes equations.
We compare the present method with the stable Crouzeix-Raviart element/piecewise constant element [6, 12] , the pressure projection stabilization finite element method approximated by the Crouzeix-Raviart element/continuous linear element and piecewise linear element/piecewise linear element for the incompressible Stokes equations [15, 16] . In order to illustrate the features of the present method, three test problems are considered to verify the performance of the present method including a nonphysical example with a known exact solutions, the driven cavity flow and a flow over a cylinder.
Problem I(nonphysical example with analytical solution). In this case, we consider a unit square with an exact flow solution given by
Then, the body force f (x,t) is deduced from the exact solution and (1). We here pay more attention to convergence rate of four different methods with the same mesh and the same UMFPACK code. The results in tables 1-4 suggest that there are no significant differences between three different nonconforming finite element methods in terms of the relative H 1 -and L 2 -norms for velocity. Obviously, the present method is more efficient than other methods by comparison. Especially, the P 1 nc − P 1 and the stabilized P 1 nc − P 1 schemes have almost achieve the same superconvergence rate O(h 2 ) for pressure. However, the latter did not improve on the accuracy of the stailized schemes whilst being significantly more expensive. Problem II(The driven cavity flow). The driven cavity is considered for the four different methods. It is a box full of liquid with its lid moving horizontally at speed one. The results for both velocity and pressure are given in Figures 1-2 . Numerical result of the present method shows the same performance as that of other methods.
Problem III(The exterior of a 2d cylinder). We build a computation mesh the exterior of a 2d cylinder. A fluid recirculation zone produced by the hole must be captured correctly.
The geometry for the numerical model of the problem are given in Figure 3 . Also, the Diriclet boundary conditions is designed for this model and u 1 , u 2 and p denote the velocity components in x and y direction and the pressure. Simulations have been performed with the given viscosity ν = 1. Here, a set of sample results is given in Figure 3 . In order to verify the correctness of the method, a comparison of the results with the standard Taylor-Hood element shows that the present method is creditable.
